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Abstract
We compute all three and four point couplings of BPS Dp-branes for all different
nonzero p-values on the entire world volume and transverse directions. We start
finding out all four point function supersymmetric Wess-Zumino (WZ) actions
of one closed string Ramond-Ramond (RR) field with two fermions, either with
the same (IIB) or different chirality (IIA) as well as their all order α′ corrections.
The closed form of S-matrices of two closed string RR in both IIB, IIA, including
their all order α′ corrections have also been addressed. Our results confirm that,
not only the structures of α′ corrections but also their coefficients of IIB are quite
different from their IIA ones.
The S-matrix of an RR and two gauge (scalar) fields and their all order cor-
rections in antisymmetric picture of RR have been carried out as well. Various
remarks on the restricted Bianchi identities as well as all order α′ corrections
to all different supersymmetric WZ couplings in both type IIA and IIB super-
string theory are also released. Lastly, different singularity structures as well
as all order contact terms for all non-vanishing traces in type II have also been
constructed.
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1 Introduction
Dp-branes have been taken to be the known sources for Ramond-Ramond (RR) closed
string for all kinds of BPS branes [1, 2]. RR couplings have been playing the major roles
in many areas , for instance the phenomenon dissolving brane within branes [3] , K-theory
(through D-brane approach) [4, 5], Myers effect [6] and some of their α′ corrections [7, 8] are
revealed. To describe the dynamics of D-branes, their effective actions must be established
and almost all relevant literatures have been pointed out in the introduction of [9]. By
dealing with Conformal Field Theory (CFT) and evaluating scattering amplitudes, we
hope to enhance our knowledge of knowing new Effective Actions, more crucially, given
S-Matrix formalism, among the other applications to this formalism, new approaches to
Effective Field Theory (EFT) will be discovered. In this note, we just highlight some of the
applications that have been worked out such as N3 phenomenon forM5 branes, dS solutions
and the entropy growth [10]. RR Couplings with non-BPS branes have also been figured
out by [11, 12] and the three ways of deriving EFT couplings are clarified in detail [13].
As last remark, we emphasize that by just going through S-matrix calculations, not only
one is able to construct new string couplings but also exactly gain the coefficients of all the
higher derivative corrections to all orders in α′. One may find out some partial results of
BPS string amplitude computations in [14].
Here is the outline of the paper. We first explore the supersymmetric Wess-Zumino
(WZ)couplings of an RR and two fermion fields with either the same or different chirality
of both IIB and IIA and then start building their all order α′ corrections. Our computations
clarify that not only the structures of α′ corrections but also their coefficients of IIB are
quite different from their IIA ones. We then deal with all symmetric and asymmetric
amplitudes of three and four point functions of an RR and two gauge (scalar) fields and
reconstruct their all order corrections as well.
In [15] the role of picture-changing operators for perturbative string computations has
been discussed, more importantly, in section three the whole setup was made. It was also
argued that to calculate scattering amplitudes at each order not only one must take into
account all pieces together with local descriptions but also one needs to consider the vertical
integration method which actually avoids all spurious singularities and a clear example was
given in section 3.2 as well. Potentially its analysis has something to do with disc string
computations, however, in [15] it is not discussed how to find out RR bulk momenta. Note
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that the correlation function < ∂iX(x1)e
ip.x(z) > (between scalar field vertex operator in
zero picture and exponential part of RR vertex operator) has non-zero contribution to our
S-matrices and therefore there will be non-zero terms in S-matrices such as p.ξ1 and p.ξ2
terms. These terms are related to RR bulk momenta as they clearly carry momentum of
RR in transverse directions. Indeed, unlike [15], in this paper we clearly keep track of all
S-matrix elements, including the terms that carry RR’s momenta in the bulk, for instance
p.ξ1 and p.ξ2 terms.
To make sense of all supersymmetric WZ actions in antisymmetric picture of RR, we
make various remarks on the restricted Bianchi identities. Ultimately all contact terms for
various field content and their all order α′ corrections for different WZ couplings in both
type IIA and IIB and for all non-vanishing traces will be constructed out.
2 The Ψ¯− Ψ− C of type IIB
In this section we would like to directly apply all the CFT techniques [16] to actually derive
entirely all supersymmetric WZ actions including their all order α′ corrections. All four
point functions of a closed string RR and two fermion vertex operators with either the same
or different chirality in ten dimensional space time of type IIB (IIA) superstring theory are
going to be explored. Hence, this four point function in IIB of BPS Dp-branes is given by
the following correlation function
AΨ¯ΨRR ∼
∫
dx1dx2d
2z〈V (−1/2)
Ψ¯
(x1)V
(−1/2)
Ψ (x2)V
(−1)
RR (z, z¯)〉, (1)
where all the vertex operators are given by
V
(−1/2)
Ψ¯
(x) = u¯γe−φ(x)/2Sγ(x) e
α′iq.X(x)
V
(−1/2)
Ψ (x) = u
δe−φ(x)/2Sδ(x)e
α′iq.X(x)
V
(− 1
2
,− 1
2
)
C (z, z¯) = (P−H/ (n)Mp)
αβe−φ(z)/2Sα(z)e
iα
′
2
p·X(z)e−φ(z¯)/2Sβ(z¯)e
iα
′
2
p·D·X(z¯),
Our notation is such that µ, ν = 0, 1, .., 9, world volume directions are shown by a, b, c =
0, 1, ..., p and transverse indices are give by i, j = p + 1, ..., 9. All the objects are massless,
where the projector, RR’s field strength and spinor are shown by
P− =
1
2
(1− γ11), H/ (n) = an
n!
Hµ1...µnγ
µ1 . . . γµn , (P−H/ (n))
αβ = Cαδ(P−H/ (n))δ
β.
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For type IIA (type IIB) n = 2, 4,an = i (n = 1, 3, 5,an = 1). We would like to deal
with just the holomorphic components of the world-sheet fields, therefore, we are going to
employ the so called doubling trick, that is, the following change of variables have to be
taken into consideration
X˜µ(z¯)→ DµνXν(z¯) , ψ˜µ(z¯)→ Dµνψν(z¯) , φ˜(z¯)→ φ(z¯) , and S˜α(z¯)→ MαβSβ(z¯) ,
with the following matrices
D =
( −19−p 0
0 1p+1
)
, and Mp =
{
±i
(p+1)!
γi1γi2 . . . γip+1ǫi1...ip+1 for p even
±1
(p+1)!
γi1γi2 . . . γip+1γ11ǫi1...ip+1 for p odd
Having set the above matrices, we would be able to make use of holomorphic part of
the two point functions or standard propagators for all the fields of Xµ, ψµ, φ, as below
〈Xµ(z)Xν(w)〉 = −α
′
2
ηµν log(z − w) ,
〈ψµ(z)ψν(w)〉 = −α
′
2
ηµν(z − w)−1 ,
〈φ(z)φ(w)〉 = − log(z − w) . (2)
By considering the above vertex operators , the S-matrix can be written down as follows
∫
dx1dx2dx4dx5u¯
γuδ(x12x14x15x24x25x45)
−1/4(P−H/ (n)Mp)
αβ
×|x12|−2u|x14x15x24x25|u|x45|−2u <: Sα(x4) : Sβ(x5) : Sγ(x1) : Sδ(x2) :>,
where x4 = z = x+ iy, x5 = z¯ = x− iy and u = −α′2 (k1 + k2)2. The correlation function of
four spin operator (with the same chirality) in type IIB is as follows
<: Sγ(x1) : Sδ(x2) : Sα(x4) : Sβ(x5) :> =
[
(γµC)αβ(γ
µC)γδx15x24 − (γµC)γβ(γµC)αδx12x45
]
× 1
2(x12x14x15x24x25x45)−3/4
(3)
If we apply the above correlator to the amplitude, then we could readily check the
SL(2, R) invariance of the S-matrix. To actually remove the volume of conformal killing
group we choose the gauge fixing as (x1, x2, z, z¯) = (x,−x, i,−i) and the Jacobian becomes
J = −2i(1 + x2). Having set the above gauge fixing, we find out the final form of S-matrix
as follows
3
∫
∞
−∞
dx(2x)−2u
(
(γµC)αβ(γ
µC)γδ(
−1 + x2
2x
+ i) + 2i(γµC)γβ(γ
µC)αδ
)
(1 + x2)−1+2u
×(2i)
−2u
2
(P−H/ (n)Mp)
αβu¯γuδ,
Momentum conservation on brane’s world volume is ka1+k
a
2+p
a = 0, obviously the first term
in the amplitude has zero contribution to the S-matrix as the integrand is odd function and
the interval is symmetric. The second and third term of the above amplitude are contact
interactions and the integral for the 2nd term (likewise the result for 3rd term) can be
derived. The ultimate result for the amplitude becomes
AΨ¯Ψ,RRIIB = (µp/2)2−2u−1
√
π
Γ(−u+ 1/2)
Γ(1− u) u¯
γ(γµC)γδu
δTr (P−H/ (n)Mpγ
µ)Tr (λ1λ2) . (4)
where (µp/2) is a normalisation constant and µp is RR’s brane charge. If µ picks the
world volume indices up (µ = a), we then get to know that the trace is non-zero for p = n
case and it can be extracted out as
Tr
(
H/ (n)Mpγ
a
)
δp,n = ± 32
(p)!
ǫa0···ap−1aHa0···ap−1δp,n
Notice that inside the trace the term including γ11 confirms that all results are being held
for the following as well
p > 3, Hn = ∗H10−n, n ≥ 5.
The expansion is low energy expansion which is u = −papa → 0, expanding the Gamma
functions inside the the amplitude we then would clearly gain all infinite higher derivative
corrections of a field strength RR potential p form field and two fermions with the same
chirality. The momentum expansion is
2(−2u−1)
√
π
Γ(−u+ 1/2)
Γ(1− u) = π
∞∑
m=−1
cm(u)
m+1 .
with some of the coefficients to be
c−1 = 1/2, c0 = 0, c1 =
π2
12
, c2 = ζ(3),
c3 =
19π4
720
, c4 =
π2
6
ζ(3) + 3z(5), (5)
4
Note that these coefficients are different from the coefficients that have shown up in the
expansion of non-BPS amplitude of an RR, a tachyon and an scalar field CTφ. This clearly
confirms that the normalisation of WZ action of BPS branes is different from non-BPS
branes. The first term in the expansion is contact interaction and can be produced by the
following supersymmetric Wess-Zumino coupling
(2πα′)
µp
p!
ǫa0...ap−1aHa0...ap−1Ψ¯
γ(γa)γδΨ
δ
consequently all order α′ higher derivative corrections can be constructed by applying the
proper higher derivative corrections to the above EFT coupling and also by comparing each
term with its string theory elements so that the closed form of corrections to all orders in
IIB is demonstrated by
(2πα′)
µp
p!
ǫa0...ap−1aHa0...ap−1
∞∑
m=−1
cm(α
′)m+1Da1 · · ·Dam+1Ψ¯γ(γa)γδDa1 ...Dam+1Ψδ
Note that if µ takes the value from transverse directions (µ = i), then the amplitude is non
zero for n = p + 2 case. One can show that all the higher derivative corrections can be
looked for by the following coupling in an EFT
(2πα′)
µp
(p+ 1)!
ǫa0...apH ia0...ap
∞∑
m=−1
cm(α
′)m+1Da1 · · ·Dam+1Ψ¯γ(γi)γδDa1 ...Dam+1Ψδ (6)
Note that the computations in this section give only the derivative pieces of (6) and not
the full covariant derivatives and indeed using gauge invariance one can covariantize the ac-
tion. It is worthwhile to point out a remark. Likewise the result for supersymmetric ampli-
tude , the result and corrections for asymmetric amplitude of< V
(1/2)
Ψ¯
(x1)V
(−1/2)
Ψ (x2)V
(−2)
RR (z, z¯) >
are also the same, as there is no picture dependence of supersymmetric fermionic ampli-
tudes. Let us look at its IIA version to explore whether or not the structures and coefficients
of α′ corrections of IIA are different from their IIB ones.
2.1 The entire form of
(
RRΨ¯γ˙Ψδ˙
)
in type IIA
In this section we would like to see whether or not there are some singularities for a partic-
ular one RR and two fermion fields with different chirality in IIA. More crucially, our aim
is to construct all order α′ higher derivative corrections to these elements as well. There is
no issue of picture dependence for mixed closed RR and fermion fields, hence, for simplicity
we just deal with RR in its symmetric picture.
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The correlation function of four spin operators with different chirality in IIA was given
by [16, 17] as follows
< Sα(x4)Sβ(x5)S
γ˙(x1)S
δ˙(x2) >=
(
x45x12
x41x42x51x52
)1/4[C δ˙αC γ˙β
x42x51
− C
γ˙
αC
δ˙
β
x41x52
+
1
2
(γµC)αβ (γ¯µC)
γ˙δ˙
x45x12
]
(7)
Having replaced the above correlation function into the amplitude, we would be able to
obtain the final form of IIA amplitude in a manifest way as follows
A =
∫
dx1dx2dx4dx5 (P−H/ (n)Mp)
αβ u¯γ˙uδ˙(x12x14x15x24x25x45)
−1/4|x12|−2u|x14x15x24x25|u|x45|−2u
×
(
x45x12
x41x42x51x52
)1/4[C δ˙αC γ˙β
x42x51
− C
γ˙
αC
δ˙
β
x41x52
+
1
2
(γµC)αβ (γ¯µC)
γ˙δ˙
x45x12
]
(8)
We used the same gauge fixing as in IIB one and the final form of amplitude can be
packed as follows
A = (P−H/ (n)Mp)αβu¯γ˙uδ˙
∫
∞
−∞
dx(2x)−2u(x2 + 1)2u2−2u+1
×
[
(C δ˙αC
γ˙
β − C γ˙αC δ˙β)(x2 − 1) + 2ix(C δ˙αC γ˙β + C γ˙αC δ˙β)−
1
8ix
(γµC)αβ (γ¯µC)
γ˙δ˙
]
, (9)
where the 2nd and 3rd term have zero contribution to our S-matrix. Having evaluated the
integrals, the final form of the amplitude in IIA would be given by
AΨ¯Ψ,RRIIA =
µp
32
(P−H/ (n)Mp)
αβ2−2u+3
√
π
Γ(−u− 3/2)
Γ(−u) u¯
γ˙uδ˙(C δ˙αC
γ˙
β − C γ˙αC δ˙β) . (10)
The trace is non-zero for p + 1 = n case, and it can be found out through the way we did
in the previous section. The expansion is
2(−2u)
√
π
Γ(−u− 3/2)
Γ(−u) = π
∞∑
m=−1
cm(u)
m+1 .
with the following coefficients
c−1 = 0, c0 = −4
3
, c1 =
32
9
, c2 =
−2
27
(3π2 + 104),
c3 =
−8
81
(−6π2 + 27ζ(3)− 160), (11)
It is now clarified that these coefficients are different from the coefficients that have appeared
in the expansion of CΨ¯Ψ of type IIB of the previous section. The first contact interaction
can be generated by the following supersymmetric Wess-Zumino coupling of IIA
2πα′2c0µp
(p+ 1)!
DaΨ¯γ˙DaΨ
δ˙ǫa0...apHa0...ap
6
and all order α′ higher derivative corrections can be derived by comparing with string
amplitudes as follows
2πα′2µp
(p + 1)!
∞∑
m=−1
cm(α
′)m+1DaDa1 · · ·Dam+1Ψ¯γ˙DaDa1...Dam+1Ψδ˙ǫa0...apHa0...ap (12)
where the first correction for IIA couplings (unlike IIB) appears to be at α′2 order. As
it is evident not only the structures but also the coefficients of the corrections of IIA(12)
are very different from IIB ones (6). The reasons and intuitions for this conclusion are as
follows. Indeed not only α′ corrections keep changing at each order but also there is no
definite rule for finding α′ corrections of fermionic couplings, note also that they obviously
couple to different RR forms as well.
3 RR couplings of type IIB and IIA
In this section we would like to use CFT to build not only singularities but also all the infinite
contact interactions as well as α′ corrections of two closed string RR at disk level. Clearly
all spin operators in type IIB carry the same chirality, hence, this four point function in
IIB of BPS branes 〈V (−1)C (x1, x2)V (−1)C (x4, x5)〉 can be found by exploring all the correlation
functions where C-vertex has already been given. The definitions for projection operator
and the other matrices as well as notations kept held here as well.
Consider no open strings and nc closed strings, we then have (no + nc)(no + nc − 3)/2
independent variables from the tangent to the brane momenta. This takes into account the
momentum conservation constrain along the brane, also we will have nc(nc−1)/2 variables
of the piNpj so that i 6= j and nc variables of the type piNpi = −piV pi since p2 = 0.
Therefore, in general we have (no + nc)(no + nc − 3)/2 + nc(nc + 1)/2 independent
variables. Indeed we might think of having 3 independent Mandelstam variables for this
world sheet four point function of CC amplitude, however, t+s+u = 0 and therefore u can
be removed in terms of s and t. Thus, we define s = −α′
2
(p1+D.p1)
2 and t = −α′
2
(p1+ p2)
2
so that p2.D.p2 = p1.D.p1 and p1.D.p2 =
s+t
2
. The correlation function of four spin operator
in IIB has been given in the previous section so the S-matrix is got to be∫
dx1dx2dx4dx5(P−H/ (1n)Mp)
αβ(P−H/ (2n)Mp)
γδ(x12x14x15x24x25x45)
−1
×1
2
[
(γµC)αβ(γ
µC)γδx15x24 − (γµC)γβ(γµC)αδx12x45
]
×|x12x45|−s/2|x14x25|−t/2|x15x24|(s+t)/2
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We could check the SL(2, R) invariance of the S-matrix as well. To actually remove the
volume of conformal killing group, we have chosen the gauge fixing as follows
(x1, x2, x4, x5) = (iy,−iy, i,−i), Jacobian = −2i(1− y2), 0 ≤ y ≤ 1
Indeed we map it to disk, setting the above gauge fixing, we reveal the final form of S-matrix
as follows
AC−1C−1IIB =
∫ 1
0
dy(y)−s/2−1(1− y)−t−1(1 + y)s+t−1
(
(y + 1)2(γµC)αβ(γ
µC)γδ
+4y(γµC)γβ(γ
µC)αδ
)
2−s−2i(P−H/ (1n)Mp)
αβ(P−H/ (2n)Mp)
γδ,
Now in order to actually obtain the solutions for integrals in terms of Euler functions, the
best way is to deal with the following transformation
y =
1− x1/2
1 + x1/2
which maps all the integrals to radial integrals on the unit disk. So the whole above S-matrix
will be divided to two distinct parts and the solutions after coordinate transformation will
be given by
I1 = −
∫ 1
0
dx(x)−t/2−1(1− x)−s/2−1 = −Γ(−s/2)Γ(−t/2)
Γ(−s/2− t/2)
I2 = −
∫ 1
0
dx(x)−t/2−1(1− x)−s/2 = −Γ(−s/2 + 1)Γ(−t/2)
Γ(−s/2− t/2 + 1)
Since the expansion is low energy expansion, one can send off α′ to zero and start
discovering, singularity and contact terms related to two closed string RR of type IIB. The
expansions of I1 and I2 are accordingly
I1 =
2(s+ t)
ts
− π
2(s + t)
12
− 1
4
ζ(3)(s+ t)2 − 1
2880
(s+ t)π4(4s2 + st+ 4t2) + ...
I2 =
2
t
− π
2s
12
− 1
4
ζ(3)s(s+ t)− 1
2880
π4s(4s2 + st+ 4t2) + ...
Note that one could write down the compact form of the above series, for instance the
closed form of I2 is given by
I2 =
2
t
− s
∞∑
n,m=0
hn,m(ts)
n(t+ s)m
8
Having extracted the traces and further simplifications the ultimate and closed form of two
closed string RR amplitude in IIB to all orders in α′ would be written down by
ACCIIB =
iµ1pµ2p
p!p!
(
2
s
− t
∞∑
n,m=0
hn,m(ts)
n(t+ s)m
)
×ǫa0···ap−1a1 H1a0···ap−1ǫa0···ap−1a2 H2a0···ap−1 (13)
where (µ1p, µ2p) are the first and the second RR charge of branes. We have chosen µ to take
values on world volume directions (µ = a), so that all the traces are non-zero for p = n.
The presence of the first singularity clearly shows that we do have just a simple gauge field
singularity that propagates between two p-form closed string RR as well as all infinite α′
higher derivative corrections to two RR’s of IIB.
Note that if µ takes value on transverse directions (µ = i), then traces make sense for
p+2 = n case and evidently we would get just first simple scalar field singularity structure
that propagates between two p+ 1-form closed string RR as well as all the same (but with
different H) infinite α′ higher derivative corrections to two RR’s as follows
ACCIIB =
iµ1pµ2p
(p+ 1)!(p+ 1)!
ǫ
a0···ap
1 H
i
1a0···apǫ
a0···ap
2 H
i
2a0···ap
(
2
s
− t
∞∑
n,m=0
hn,m(ts)
n(t + s)m
)
We normalised the amplitude by 1
26
, let us now reconstruct the simple gauge (scalar) pole
and continue explaining all order α′ corrections.
A = V aα (C1p−1, A)Gabαβ(A)V bβ (C2p−1, A), (14)
and scalar pole by
A = V iα(C1p+1, φ)Gijαβ(φ)V jβ (C2p+1, φ), (15)
whereV aα (C1p−1, A) is obtained from the Chern-Simons coupling as
i(2πα′)µ1p
∫
Σp+1
C1p−1 ∧ F (16)
and accordingly V iα(C1p+1, φ) can be gained from the Taylor expansion of scalar field
with mixed RR in an effective field theory coupling
i(2πα′)µ1p
∫
Σp+1
∂iC1p+1φi (17)
The gauge field and scalar field propagators are produced from their kinetic term in
DBI action as (2πα′)2FabF
ab and (2piα
′)2
2
Tr (Daφ
iDaφi). We do not have any other gauge
9
(scalar) poles , simply because the kinetic terms of gauge fields and scalars have already
been fixed and there are no correction to them any more. Notice that there is no correction
to the Chern-Simons and (WZ) couplings of an RR and a gauge (scalar) field either. The
vertices could be easily established by
V aα (C1p−1, A) = i(2πα
′)
µ1p
p!
ǫ
a0···ap−1a
1 H1a0···ap−1Tr (λα)
V iα(C1p+1, φ) = i(2πα
′)
µ1p
(p+ 1)!
ǫ
a0···ap
1 H
i
1a0···ap
Tr (λα)
Gabαβ(A) =
−1
(2πα′)2
δabδαβ
k2
,
V bβ (C2p−1, A) = i(2πα
′)
µ2p
p!
ǫ
a0···ap−1b
2 H2a0···ap−1Tr (λβ) (18)
k2 = −(p1 +D.p1)2 = −s should also be substituted in the propagator.
Replacing (18) into (14) and (15) appropriately, we are precisely able to find out the
gauge field (scalar field) singularity of string amplitude in an EFT. Given the closed and
all order form of the amplitude in (13), now one starts to apply properly all order α′ higher
derivative corrections to two closed string RR of type IIB as follows
∞∑
n,m=0
hn,m(α
′)m+2n+1(DaDa)
m
(
Da1 ...Dan+1(DbDb)
nC1a0···ap−2D
a1 ...Dan+1C2a0···ap−2
)
× µ1pµ2p
(p− 1)!(p− 1)!ǫ
a0···ap−2a
1 ǫ
a0···ap−2a
2 (19)
Let us find RR couplings and their corrections in type IIA. Clearly here just the correla-
tion function of four spin operator gets changed and the same definitions for Mandelstam
variables as well as the same notations are being held. Therefore the amplitude in IIA is
given by ∫
dx1dx2dx4dx5(P−H/ (1n)Mp)
αβ(P−H/ (2n)Mp)
γ˙δ˙(x12x14x15x24x25x45)
−1/4
×
(
x45x12
x41x42x51x52
)1/4[C δ˙αC γ˙β
x42x51
− C
γ˙
αC
δ˙
β
x41x52
+
1
2
(γµC)αβ (γ¯µC)
γ˙δ˙
x45x12
]
×|x12x45|−s/2|x14x25|−t/2|x15x24|(s+t)/2 (20)
We carry out the same gauge fixing as (x1, x2, x4, x5) = (iy,−iy, i,−i), J = −2i(1−y2) and
eventually the amplitude gets reduced to
AC−1C−1IIA = −2i
∫ 1
0
dy(y)−s/2(1− y)−t(1 + y)s+t
[ C δ˙αC γ˙β
(y + 1)2
+
C γ˙αC
δ˙
β
(1− y)2 −
1
8y
(γµC)αβ (γ¯µC)
γ˙δ˙
]
×2−s(P−H/ (1n)Mp)αβ(P−H/ (2n)Mp)γ˙δ˙, (21)
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We also map the integrals to radial integrals on the unit disk and use the same change of
variable as y = 1−x
1/2
1+x1/2
. Hence, the whole S-matrix is going to be divided to three different
parts. One needs to evaluate the integrals where we just illustrate the ultimate result as
follows
I1 = −2−s
∫ 1
0
2s−2dx(x)−t/2−1/2(1− x)−s/2 = −Γ(−s/2 + 1)Γ(−t/2 + 1/2)
4Γ(−s/2− t/2 + 3/2)
I2 = −2s−22−s
∫ 1
0
dx(x)−t/2−3/2(1− x)−s/2 = −Γ(−s/2 + 1)Γ(−t/2− 1/2)
4Γ(−s/2− t/2 + 1/2)
I3 = −2s−32−s
∫ 1
0
dx(x)−t/2−1/2(1− x)−s/2−1 = −Γ(−s/2)Γ(−t/2 + 1/2)
8Γ(−s/2− t/2 + 1/2)
The expansion is again low energy expansion so we send α′ to zero and start to reveal
singularity and contact terms related to two closed string RR of type IIA. Obviously, I1, I2
just include all the contact interactions, meanwhile I3 has just a simple s-channel pole and
some of the expansions are given by
I2 =
−1
4
(
− 2 + 2ln2s+ 2t+ s2(π
2
12
− 2ln2) + st(−2ln2 + π
2
4
) + ...
)
,
I3 =
−1
8
(−2
s
+ 2ln2 +
π2s
12
− 2ln2s+ π
2t
4
+ s2(
1
2
ζ(3) + ln2 − π
2ln2
12
)
+st(
7
4
ζ(3)− π
2ln2
4
) +
7
4
ζ(3)t2 + ....
)
The closed form of I3 is given by
I3 =
−1
8
(−2
s
+
∞∑
n,m=0
ln,ms
ntm
)
Extracting the traces and further simplifications, one might explore the closed form of
the third term of (21) to all orders in α′ by the following algebraic function
ACCIIA =
iµ1pµ2p
p!p!
ǫ
a0···ap−1a
1 H1a0···ap−1ǫ
a0···ap−1a
2 H2a0···ap−1
(
− 2
s
+
∞∑
n,m=0
ln,ms
ntm
)
(22)
We have chosen µ to take values on world volume directions (µ = a), thus all the traces
are non-zero for p = n. The presence of the first singularity clearly shows that we do have
just a simple gauge field singularity that propagates between two p-form closed string RR
as well as all infinite α′ higher derivative corrections to two RR’s of IIA. Note that if µ
takes value on transverse directions (µ = i), then the traces will have non vanishing values
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for p + 2 = n case. Evidently we would also get just a simple scalar field singularity that
propagates between two p+ 1-form closed string RR as well as contact terms as follows
ACCIIA =
iµ1pµ2p
(p+ 1)!(p+ 1)!
ǫ
a0···ap
1 H
i
1a0···apǫ
a0···ap
2 H
i
2a0···ap
(
− 2
s
+
∞∑
n,m=0
ln,ms
ntm
)
(23)
Looking carefully at (23), we come to know that unlike the structures of corrections,
the coefficients of all infinite α′ higher derivative corrections to two RR’s of IIA for this
case would be the same as appeared in (22).
It is worth to highlight the fact that both simple s-channel gauge field and scalar field
can be precisely reconstructed in an effective field theory by the same rules of (14) and (15)
appropriately, where all the vertices have also been pointed out in (18). Let us fully address
the point of this section, which is finding out not only structures but also compact and the
closed form of the coefficients of all order α′ higher derivative corrections of 2 RR of IIA
one. Indeed one can start to compare order by order the elements of string amplitude with
effective field theory couplings and eventually provide all the corrections involving their
structures of IIA as follows
∞∑
n,m=0
ln,m(α
′)m+n
(
(DbDb)
nDa1 ...DamC1a0···ap−2D
a1...DamC2a0···ap−2
)
× µ1pµ2p
(p− 1)!(p− 1)!ǫ
a0···ap−2a
1 ǫ
a0···ap−2a
2 (24)
If one considers (23), then one is able to generate all the corrections including their struc-
tures for the only non vanishing particular elements of n = p+ 2 as below
∞∑
n,m=0
ln,m(α
′)m+n
(
(DbDb)
nDa1 ...DamC
i
1a0···ap−1
Da1...DamC2ia0···ap−1
)
×µ1pµ2p
p!p!
ǫ
a0···ap−1
1 ǫ
a0···ap−1
2 (25)
To end this section, we provide all the other contact interactions that are produced
by I1, I2 as well. By extracting the related traces and carrying out some further algebraic
simplifications, one can establish the closed form of the contact interactions of two closed
string RR amplitude to all order α′ in IIA as follows
iµ1pµ2p
(p + 1)!(p+ 1)!
ǫ
a0···ap
1 H1a0···apǫ
a0···ap
2 H2a0···ap
( ∞∑
n,m=0
kn,ms
ntm
)
, (26)
where some of the coefficients are
k0,0 = −4, k1,0 = 4ln2 − 2, k2,0 = −2ln2 − 2 + π
2
6
, k1,1 =
π2
2
− 4, k0,2 = −4
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Given the prescription for the corrections, now one explores the leftover α′ higher derivative
corrections of I1, I2 to be
∞∑
n,m=0
kn,m(α
′)m+n
(
Da1 ...Dam(DbDb)
nC1a0···ap−1D
a1 ...DamC2a0···ap−1
)
×µ1pµ2p
(p!)2
ǫ
a0···ap−1
1 ǫ
a0···ap−1
2 (27)
We are now at the steps to conclude. By comparisons of the corrections in both IIB,IIA now
it becomes evident that not only the coefficients but also the structures of α′ corrections of
type IIB are quite different from their IIA ones and this fact becomes known by evaluating
direct CFT techniques and performing all world sheet calculations to all orders.
4 Other world-sheet 4 point functions
For warm-up, we start addressing three point function of BPS branes with their restricted
Bianchi identities in both symmetric picture of RR and in terms of potential C-field (anti-
symmetric picture of RR). To start with, we highlight the needed vertex operators in both
symmetric and asymmetric pictures as follows
V
(−1)
φ (x) = e
−φ(x)ξiψ
i(x)eα
′iq·X(x)
V
(−1)
A (x) = e
−φ(x)ξaψ
a(x)eα
′iq·X(x)
V
(−2)
φ (x) = e
−2φ(x)V
(0)
φ (x)
V
(0)
A (x) = ξ1a(∂
aX(x) + iα′k.ψψa(x))eα
′ik.X(x)
V
(−2)
RR (z, z¯) = (P−C/ (n−1)Mp)
αβe−3φ(z)/2Sα(z)e
ip·X(z)e−φ(z¯)/2Sβ(z¯)e
ip·D·X(z¯) (28)
where the C-vertex operator in antisymmetric picture was earlier pointed out in [18]
and later on was built in [19]. The world-sheet 3-point function of an antisymmetric closed
string RR and a gauge field on the whole ten dimensional spacetime can be derived by
〈V (0)A (x)V (−2)C (z, z¯)〉, where at disk level the world volume gauge field is located on the
boundary , while the closed string would be located in the middle of disk and on-shell
conditions are k2 = p2 = 0, k.ξ1 = 0 . Carrying out the correlators, one figures out the
S-matrix as follows
∫
dx1dx4dx5(P−C/ (n−1)Mp)
αβ(x45)
−3/4ξ1a
(
− ipa x45
x14x15
+ (2ik1b)I2
)
|x14x15|α
′2
2
k1.p|x45|α
′2
4
p.D.p
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where x4 = z = x+ iy, x5 = z¯ = x− iy. I2 is related to two spinor and a current correlation
function that can be accommodated by the Wick-like rule [19, 20] as below
I2 =<: Sα(x4) : Sβ(x5) : ψ
bψa(x1) :> = 2
−1(x14x15)
−1(x45)
−1/4(ΓabC−1)αβ
We make use of (x1, z, z¯) = (∞, i,−i) as gauge fixing and the final result for the amplitude
in both type IIB,IIA can be written as follows
AA0,C−2 = (2i)−1ξ1a
[
− ipaTr (P−C/ (n−1)Mp) + ik1bTr (P−C/ (n−1)MpΓab)
]
(29)
We just hint out to the final result of the same S-matrix in symmetric picture as well
AA−1,C−1 = 2−1/2(2i)−1ξ1aTr (P−H/ (n)Mpγa) (30)
Extracting the trace, the result for the symmetric S-matrix is given by
AA−1,C−1 = 2−1/2(2i)−1ξ1a16
p!
ǫa0...ap−1aHa0...ap−1 (31)
Now if we multiply the amplitude by 2−1/2πµp then one realizes that the S-matrix can be
regenerated by (16).
If we simultaneously apply the momentum conservation along the world volume of brane
(k1+ p)
b = 0 and on-shell condition for the gauge field paξ1a = −k1.ξ1 = 0 to the first term
(29), then we come to know that the 1st term of (29) has no physical contribution to the
asymmetric S-matrix. Eventually, if we extract the trace for the 2nd term of asymmetric
amplitude and apply (k1 + p)
b = 0 relation, we are then able to precisely reproduce the
asymmetric amplitude by the Chern-Simons coupling as well. Therefore, in order to make
sense of non-vanishing asymmetric amplitude, we also come to the conclusion that the
following term
pbǫ
a0...ap−2abCa0...ap−2 (32)
is non-zero and therefore pbǫ
a0...ap−2ab is non-zero for BPS branes.
Note that unlike above, for the mixed RR, scalar fields , one needs to explore the
restricted Bianchi identity to actually make sense of asymmetric S-Matrix .The symmetric
3 point function of one RR and a scalar field is
AC−1φ−1 = 2−1/2Tr (P−H/ (n)Mpγi)ξ1i . (33)
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where the amplitude can be reconstructed in an EFT by µp(2πα
′)
∫
∂iCp+1φ
i where the
Taylor expansion has been used. The S-matrix in asymmetric picture was found to be
Aφ0,C−2 =
[
− ipiTr (P−C/ (n−1)Mp) + ik1aTr (P−C/ (n−1)MpΓia)
]
ξ1i (34)
If we apply the momentum conservation to the 2nd term of asymmetric amplitude
ka1 + p
a = 0 and then extract its trace we then come to conclusion that, to be able to get to
the same result as appeared in symmetric S-matrix in (33) the following strong restricted
Bianchi identity should be valid for a transverse scalar field in the presence of RR
paǫa0···ap−1a = 0 (35)
therefore the 2nd term of (34) has no contribution to asymmetric S-matrix and the 1st term
in (33) builds exactly the same contact term of 3 point function. Let us deal with 4-point
world sheet S-matrix.
4.1 〈V (0)A V (0)A V (−2)RR 〉 to all orders
The four point function of an antisymmetric RR closed string and two world volume gauge
fields or< VA0VA0VC−2 > can be obtained by finding the correlators of 〈V (0)A (x1)V (0)A (x2)V (−2)RR (z, z¯)〉.
Here we have just one Mandelstam variable that can be introduced to be u = −α
′
2
(k1+ k2)
2
and using Wick theorem, the amplitude is derived as below∫
dx1dx2dx4dx5(P−C/ (n−1)Mp)
αβ(x45)
−3/4ξ1aξ2b
(
I1 + I2 + I3 + I4
)
|x12|−2u|x14x15|u|x24x25|u|x45|−2u
If we start applying the generalized form of Wick-like rule then we are able to find all the
fermionic correlators as
I1 = (−ηab(x12)−2 + a1aa2b)(x45)−5/4(C−1)αβ,
a1a = ik2a
[
x42
x12x14
+
x52
x12x15
]
a2b = ik1b
[
x14
x12x24
+
x15
x12x25
]
I2 = ik2da1a(x24x25)
−1(x45)
−1/4(ΓbdC−1)αβ
I3 = ik1ca2b(x14x15)
−1(x45)
−1/4(ΓacC−1)αβ
I4 = −k1ck2d(x14x15x24x25)−1(x45)3/4
×
[
(ΓbdacC−1)αβ + 2
Re[x14x25]
x12x45
(
ηcd(ΓbaC−1)αβ − ηcb(ΓdaC−1)αβ − ηad(ΓbcC−1)αβ
+ηab(ΓdcC−1)αβ
)
+ 4(
Re[x14x25]
x12x45
)2(−ηabηcd + ηadηbc)(C−1)αβ
]
(36)
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We wrote all the elements of the amplitude in such a way that, the SL(2, R) invariance of
them becomes manifest. Using the gauge fixing as (x1, x2, z, z¯) = (x,−x, i,−i), Jacobian
turns out to be −2i(1 + x2). Lastly, one could gain the final form of S-matrix as
AA0A0C−2 = ξ1aξ2b
∫
∞
−∞
dx(1 + x2)2u−1(2x)−2u(2i)−2u(P−C/ (n−1)Mp)
αβ
[
1− x2
x
(
k2dk2a(Γ
bdC−1)αβ
−k1ck1b(ΓacC−1)αβ − k1ck2d(ηcd(ΓbaC−1)αβ − ηcb(ΓdaC−1)αβ − ηad(ΓbcC−1)αβ
+ηab(ΓdcC−1)αβ)
)
+
k1bk2a
2i
(
1− x2
x
)2(C−1)αβ − ηab(2x)−2 (x
2 + 1)2
2i
(C−1)αβ
−2ik1ck2d
(
(ΓbdacC−1)αβ + 4(
1− x2
4ix
)2(ηadηbc − ηabηcd)(C−1)αβ
)]
(37)
Now if we simplify the amplitude further we then realize that the 7th and 8th terms
of the above amplitude will be cancelled by the 10th and 11th terms of (37) accordingly,
meanwhile the 1st up to the 6th term of (37) have also zero contribution to asymmetric S-
matrix due to the following reason. Indeed the integrand is odd function while the interval
is symmetric and therefore the outcome is zero. The ultimate result for the amplitude in
asymmetric picture is given by
AC−2A0A01 = ±µpπ
8
(p− 2)!k1ck2dξ1aξ2bǫ
a0···ap−4bdacCa0···ap−4(2)
−2uπ
1/2Γ(−u+ 1/2)
Γ(−u+ 1) ,
where µppi
4
is a normalisation constant. The amplitude is antisymmetric under interchanging
the gauge fields, it is non zero for just non abelian case p = n + 2 and respects the Ward
identity . The expansion is low energy expansion , that is , u = −papa → 0 and the function
is expanded around it to be
(2)−2u
π1/2Γ(−u+ 1/2)
Γ(−u+ 1) = π
∞∑
n=−1
bnu
n+1.
where some of the coefficients bn are
b−1 = 1, b0 = 0, b1 =
1
6
π2, b2 = 2ζ(3) b3 =
19
360
π4, b4 =
1
3
(π2ζ(3) + 18ζ(5)).
The first term in string amplitude can be regenerated by the following Chern-Simons cou-
pling
1
2!
µp(2πα
′)2Tr (Cp−3 ∧ F ∧ F ). (38)
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and all the other contact terms are related to an infinite higher derivative corrections to the
above coupling. Thus one can start to apply all order α′ corrections to the above coupling
and find out the closed form of all order α′ higher derivative corrections as follows. The
non-leading terms are corresponded to the higher derivative correction of (38). Thus, the
corrections to all orders turned out as the closed form to be
1
2!
µp(2πα
′)2Cp−3 ∧ Tr
( ∞∑
n=−1
bn(α
′)n+1Da0 ...DanF ∧Da0 ...DanF
)
. (39)
Finally we just illustrate the restricted Bianchi identity for the scalar field that has to be
worked out in the presence of an RR and a gauge field. In order to get the consistent result
for the four point function of an RR, a scalar and a gauge field, in [21] we have derived all
possible ways of distributing super ghost charge and explored the results as follows
Aφ0A0C−2 = −ξ1iξ2a2ik2cpi(2i)−2uTr (P−C/ (n−1)MpΓac)π1/2Γ(−u+ 1/2)
Γ(1− u) (40)
while with symmetric case the result gets deduced to
Aφ−1A0C−1 = 2−3/2ξ1iξ2a
∫
∞
−∞
dx(1 + x2)2u−1(2x)−2u
[
− 2ik2bTr (P−H/ (n)MpΓabi)
]
and also the other case Aφ0A−1C−1 would have become
21/2ξ1iξ2a
∫
∞
−∞
dx(1 + x2)2u−1(2x)−2u
[
k1bTr (P−H/ (n)MpΓ
bai)− piTr (P−H/ (n)Mpγa)
]
(41)
Suppose we apply momentum conservation to the 1st term of (41), and try to make use
of the following restricted Bianchi identity
pbǫ
a0···ap−2baH ia0···ap−2 + p
iǫa0···ap−1aHa0···ap−1 = 0 (42)
By doing so, we are precisely able to remove the 2nd term (41), more significantly, the
derivation of effective action as (40) is held. On the other hand, from the effective field
theory side, one can start to construct all order α′ higher derivative corrections of an RR,
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a gauge field and an scalar field in both IIB,IIA through applying the same pattern (as
discussed for an RR and 2-gauge fields). Hence, all order higher derivative corrections can
be constructed out without any ambiguity by the following coupling
(2πα′)2µp
∞∑
n=−1
bn(α
′)n+1
∫
H+
∂iCp−1 ∧Da0 ...DanFDa0...Danφi (43)
where the mixed combination of Taylor expansion and Chern-Simons coupling was made.
5 Conclusion
We calculated all three and four point couplings of BPS Dp-branes for all different cases,
including an RR and two fermion fields with the same or different chirality of IIB and IIA ,
as well as two closed string RR and an RR and two gauge (scalar) fields in asymmetric case.
Their all order α′ higher derivative corrections have also been explored. We also obtained
the closed form of supersymmetric Wess-Zumino (WZ) actions, clarifying that not only the
structures of α′ corrections but also their coefficients of IIB are quite different from their
IIA ones. Eventually, we made some remarks on the restricted Bianchi identities for several
supersymmetric amplitudes of different field content.
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